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Free Vibrations of Pressure Loaded Paraboloidal Shells
DAVID S. MARGOLIAS* AND VICTOR I. WEINGARTENJ
University of Southern California, Los Angeles, Calif.

The finite element method is used to analyze the free vibrations of thin, isotropic, parab-
oloidal shells of revolution subjected to a uniform external pressure loading. The continu-
ous shell is mathematically subdivided into discrete circular frusta whose meridional shape
exactly duplicates that of the undeformed paraboloid. Sanders' shell (strain-displacement)
equations are used, and both the initial loading (stress) and perturbation displacement
(eigenvalue) problems are linearized and are solved on the digital computer. Numerical solu-
tions are compared to experimental data gathered from vibration tests conducted on a variety
of paraboloidal shells loaded by a uniform external pressure. In view of the imperfect clamped
boundary condition achieved during the tests, the agreement between the two results is very
good. The shape of the natural frequency-harmonic curve in every case was found to con-
form to that theoretically predicted for shells having a positive Gaussian curvature for their
meridians. Increasing the external pressure was found to lower the natural frequencies of
the shell, in a nearly linear relation at low-pressures, but nonlinearly as the pressure ap-
proached the critical buckling value.

Nomenclature
en = coefficients in assumed displacement functions
E = elastic modulus
h = shell thickness
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I = meridional length of the finite element
Meee,Mss

e = initial load state circumferential and meridional
moment resultants

m = mode of vibration
Neee,Nss

e = initial load state circumferential and meridional
stress resultants

n = harmonic (circumferential wave) number
p = uniform pressure loading
qi = generalized displacements
r — shell middle surface radius
s = meridional coordinate
T = kinetic energy
t = time
U = strain energy
u,v,w = shell middle surface meridional, circumferential and

normal displacements
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vs,Vd,Vz = shell middle surface meridional, circumferential and
normal velocities

W = work of the uniform pressure loading
Ps,Po — meridional and circumferential middle surface rota-

tions
e00,ess,e0s = shell middle surface strains
tp = angle defining normal to shell middle surface
K0e,KSS}K0s = shell middle surface curvatures and twist
v = Poisson's ratio
0 = circumferential coordinate
p = mass density
co = natural frequency

Matrices
{a} = vector of coefficients in the assumed displacement

functions
{Q J = vector of generalized forces
\q\ = vector of generalized displacements
[I] = identity matrix
[K] = kinematic stiffness matrix
[Kg] = geometric stiffness matrix
[M] = inertia matrix
[N] = uniform pressure work matrix
[i/'j = matrix relating element nodal displacements to the

coefficients in the assumed element displacement
functions

Subscripts
e = refers to the initial load (equilibrium) state
p = refers to the final displacement (initial load + per-

turbed displacement) state

Introduction

BECAUSE of the complexity of the shell equilibrium equa-
tions, the solution of shell problems is not easily accom-

plished, and exact, closed form solutions exist only for select
problems involving only the simplest of geometries, i.e., for
cylindrical, conical and spherical shells. The solution of the
more complex problems must be accomplished numerically,
with extensive use frequently being made of the high-speed,
large memory digital computer to perform the large amount of
resulting computations.

The vibration analysis of a shell under the influence of an
external loading is, of course, quite important since most struc-
tural applications involve combined load and dynamic en-
vironments. The importance of such analyses will further be
shown in the results of this paper, wherein it will be seen that
the external loading can have a marked effect on the dynamic
characteristics of the shell. This effect has also been shown
previously, although as might be expected from the preceding
discussion, this has been done only for the simpler geometric
shapes. Armenakas1 and Armenakas and Herrmann2 have
performed such analyses for cylindrical shells, and Archer,3

Fig. 1

i IH ELEMENT'

i + l SJ NODAL CIRCLE

Finite element model, shell coordinates and as-
sumed nodal displacements.

Archer and Famili,4 and Okubo and Whittier5 did the same
for spherical shells.

The investigation reported on in this paper treats the prob-
lem of the vibrations of a paraboloidal shell of revolution sub-
jected to an externally applied uniform pressure loading.
Because of the more complex geometry of the paraboloid, the
problem could only be solved using a numerical analysis.
The finite element method, wherein the total energy of the
shell is approximated as the sum of that of the elements into
which the continuous structure has been mathematically sub-
divided, is used in the present analysis.

Problem Statement

The paraboloidal shell is mathematically subdivided into
circular frusta whose meridional shape exactly duplicates that
of the paraboloid in the undeformed state. This hypothetical
subdivision of the shell is accomplished by passing a series of
planes through the shell surface and normal to the generating
axis (axis of revolution). The resulting element, shown in
Fig. 1, is bounded on each end by a nodal circle or node, the
displacements of which are used to represent the modal dis-
placements of the composite shell.

The vibration problem for an initially loaded shell is solved
by analyzing two distinct but interdependent problems. The
first of these is the solution of the initial (static) loading prob-
lem, i.e., determining the stresses and nodal displacements
caused by the initial pressure loading. The second problem
to be solved is the vibration (eigenvalue) problem, which is
set up by perturbing the stressed shell from its initial dis-
placed (equilibrium) state with small, harmonic oscillations
superposed on the initial displacements. The buckling prob-
lem is solved as the limiting case of this problem, wherein the
perturbation displacements are imposed at a zero natural fre-
quency, i.e., the perturbation displacements are independent
of time.

To reach the initial deformed state under the action of the
uniform pressure loading, each node is assumed to have 3
degrees-of-freedom (displacements in the meridional and shell
normal directions and the rotation of the meridian), with all
asymmetric displacement components vanishing. For the
general perturbation problem, the asymmetric (circumferen-
tial) displacement component is considered so that 4 degrees-
of-freedom are taken at each node. However, because both
the external loading and the shell are symmetric about the
generating axis, it is possible to completely describe the cir-
cumferential coordinate dependence in terms of a complete
Fourier series. With the formulation linearized, it is further
possible to consider each of the terms of this series separately.
Expressing the meridional dependence in terms of polynomial
functions, the displacements assumed for the solution are

(la)= u = (05 + a&s)eio)t cosnO

(a-i + ass)eicat smnd

= (ai + a2s + a3s2 + ais*)eitat cosnd (Ic)

<?4 = & = [(c&2 — a5d<p/ds) + (2a3 — a&d<p/ds)s +
3ais*]ei<at cosn0 (Id)

The third-order polynomial is used in the normal displace-
ment function to satisfy rotation as well as displacement com-
patibility between adjacent elements. For the static (co =
0), symmetric (n = 0) initial load state these displacement
functions reduce to

— a$ed<p/ds) + (2a3
e — a&

ed<p/ds)s
(2c)
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Initial Load State

The shell (strain-displacement) equations used in this study
were derived by Sanders6 and are nonlinear in the displace-
ments. For the linear analysis of the symmetric initial load
state, Sanders' equations reduce to

e = (l/r)[u* cos<£> + we sin^]

= [du*/ds + wd<p/d8]

« 53 0; KOO* = -A* cos<£/r; *«' = -

(3a)

(3b)

ds; Kds
e ss 0 (3c)

where the initial load state rotation is given by

Ps
e = [dwe/ds — ued<p/ds] (4)

With the middle surface shearing strain and twist so vanish-
ing, the strain energy of the shell can be expressed by

2(1 -
E

24(1 - j/2) X

rrJo Jo
(5)

and the work done by the uniform pressure loading, p} in de-
forming the shell is

= Cl f2 pwrdOds (6)

By using the initial load state displacement functions given
in Eqs. (2) in conjunction with the strain-displacement rela-
tions given in Eqs. (3), the expressions for the strain energy
and external work can be written in matrix form as

U* = (7)

These equations may be altered to a more familiar form by
using the equations which relate the coefficients in the as-
sumed displacement functions, Eqs. (2), to the initial load
state nodal displacements for any given element

(8)

where

~0 0 0 0
1 0 0 0
0 1 0 0
0 0 0 0
1 I lz Z3

0 1 21 3Z2

1
0

— dtpt/ds
1
0

-d<p*+1/Q

0
0
0
I
0

1S -ld<f>i + l/ds

(9)

The altered form of the energy and work expressions is

W* = {q*}TWe]T{Q} = MT{Q}
Using the minimum potential energy theorem

gives the equilibrium equations for the initial load state

[K*}{q*} - {Q} = 0 (12)

The nodal displacements caused by the initial loading are
given by

The stress resultants developed in the shell are computed
by first calculating the initial load state strains from these dis-
placements and the strain-displacement relations, Eqs. (3),

and then by using the constitutive relations

Nee* = [Eh/ (I - ?')](€*• + ?€„•)

N,,'= [Eh/ (I - v2) ](€„• + p 6*')
(14)

Combining Eqs. (3) and (14) also gives the convenient relation

(15)

Perturbed Displacement State

The vibration (or buckling) problem is formulated by per-
turbing the initial load state displacements, giving the total
displacement field

UP = ue + u] vp = vm
} wp = we + w; /3s

p = /3s
e + A (16)

or

For the perturbed state, the nonlinear form of Sanders'
shell equations are used to allow for large rotations of the shell
surface. Accordingly, the strain-displacement relations used
in the perturbed state are

(18a)(l/8r2

v* (18b)

(18c)

(18d)

(18e)

(19)
If the total displacements given by Eqs. (16) are substituted
into these nonlinear equations, the strains and curvatures can
be written in the following form, with the initial loading terms
again being linearized,

where the total rotations are given by

eee = tee* + + 6W<2> (20a)

(20b)

(20c)

(20d)

where

- v

(l/8r2) [dw/50 - t;

d0 - v

K0.(1) = - (l/2r) [d/3,/50 - & cos<? +

(21a)
(21b)

(21c)
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EXACT SOLUTION
COMPUTER SOLUTION
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MERIDIONAL ANGLE, 0 (DEGREES)

35

Fig. 2 Comparison of computer and theoretical solutions
to the problem of stresses in a clamped, externally pres-

surized spherical cap.

The superscripts (1) and (2) refer to the terms which are
linear and quadratic functions of the perturbation displace-
ments, respectively, while terms with the superscript e are
those which are independent of the perturbations and are
identical to their counterparts in the initial load state. The
perturbation rotations in the meridional and circumferential
directions, respectively, are given by

- u(d<p/ds) ]
- v

(22)

With the existence of the asymmetric displacements in the
nth harmonic, the strain energy becomes

u - { (eee

[eeeess - (ees)*]}hrd6ds

x

E
24(1 -

X

(23)

.009, 10 15 20 25 30 35
NUMBER OF ELEMENTS

Fig. 3 Finite element convergence of the first mode lowest
natural frequency of a clamped cylinder with physical pro-

portions L/R = 10 and R/T = 500.

and the work done by the uniform pressure loads in further
deforming the shell to the final perturbed position is given by7

wpr — — [up/3s
p + vp/3e

p —W =

Substitution of Eqs. (14, 15, 20, and 22) into Eqs. (23) and
(24) gives the result

+€„)]} rdBds (24)

U = Ue + £7(2) + t/,(2) + higher order terms

W = We + TF(2) + higher order terms
(25)

where

2(1 - hrdBds

2(1 - jO (26)

= Ns 0 «/ 0 n 2

,
l2(Mee

e -'-vM*'> rr— vz) Jo Jo

(1 - ")/W"} £^ (27)

(28)

Since the perturbation displacements are harmonic func-
tions, the kinetic energy for the conservative system is given
by

= p_ ri p
2 Jojo (29)

where the velocity components are

vs = bu/d£ = icow; VB = dv/dt = iuv, vz = dw/dt = iuw (30)

The substitution of Eqs. (1) and (21) into Eqs. (26-29) reveals
that these latter expressions are each quadratic in the per-
turbation displacements. Manipulating the equations which
so result, it is possible to write Eqs. (25) and (29) in matrix
form. With the higher order terms being omitted, Eqs. (25)
and (29) become

U = U<
W = W' T = -(

(31a)
(31b)

As in the case of the initial load state, these equations may
also be altered to a more familiar form by using the equations
which relate the coefficients in the assumed displacement
functions, Eqs. (1), to the perturbation nodal displacements
for any given element

{q} = (32)
where

"0
0
1
0
0
0
1
0

0
0
0
1
0
0
z
1

0
0
0
0
0
0
Z2

21

0
0
0
0
0
0
p

3Z2

1
0
0

— d<p*/ds
1
0
0

-d<pi+1/ds

0
0
0
0
I
0
0

-ld^+1/ds

0
1
0
0
0
1
0
0

0"
0
0
0
0I
0
0_
(33)
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The altered form of the energy and work expressions is

= 17' +

Table 1 Paraboloidal shell test specimens

(34)

(35)

+ ${q}'[K.]{q}
W = W- + l{q}'

= W- + l{q}*[N]{q]

T = ~(wV2){?}
= -(coV2){gHM]{gj (36)

Using Lagrange's equation for the conservative system
(d/dt){<)T/c)q} - {dr/bff} + {5(7/5$} = jdTF/dgj (37)

gives the equilibrium equations for the perturbed displace-
ment state

[Ka]{q] = (38)

This equation is seen to differ from that of the usual free
vibrations problem in the addition of the two matrices, the
geometric stiffness matrix, [Kg]j and the uniform pressure
work matrix, [N], each term of which is linearly dependent on
the initial pressure loading. Because the initial load state
has been linearized, these two load dependent matrices can
be expressed in the load independent form

[L'] = [Ka] - [N] = p[K.'] - p(N'} = p[L] (39)
and Eq. (38) is written as

[-w2M + K + pL]{q} = 0 (40)

The eigenvalue problem for the free vibrations of the initially
pressurized shell is, therefore, given by

|-co2[7] pL]\ = 0 (41)

The critical buckling pressure is obtained for the limiting case
of zero natural frequency, i.e., co = 0, and is expressed as the
eigenvalue problem

= o
Computer Program

(42)

A large capacity finite element computer program was writ-
ten8 to perform the computations required to solve the initial
loading problem, defined by Eq. (13), and the vibration and
buckling problems, defined by Eqs. (41) and (42) , respectively.
Since the paraboloid meridional geometry varies continu-
ously along the length of the shell, the integrals for the energy
and work expressions given in Eqs. (26-29) cannot be evalu-
ated exactly. The stiffness, work and inertia matrices' coeffi-
cients, which are derived from the foregoing expressions, are
therefore expressed in integral form and must be numerically
evaluated by the computer. For all such integrations, the
Newton-Cotes seven point integration formula is used. The
Cholesky square root method is used to solve the initial load
state, since it directly determines the nodal displacement
vector in Eq. (13) without explicitly inverting the large, nar-
rowly banded initial load state stiffness matrix. For the
vibrations problem, a symmetric dynamical matrix is formed
by decomposing the inertia matrix into an upper and lower
triangular form, rather than inverting it as is shown for con-
venience in Eq. (41) . The same decomposition is used in Eq.
(42) to produce a symmetric buckling matrix. The Givens
method is used to solve these two eigenvalue problems, be-
cause it is very rapid and also makes use of the symmetry of
the dynamical and buckling matrices, thereby considerably
reducing both the execution time and the required computer
core storage. With the IBM 360 model 65 digital computer
being used for the calculations, double precision arithmetic is
needed to preserve computational accuracy when the number
of finite elements, required for convergence, are used (see
Pig. 3).

Test
shell

number

1
2
3

Focal
length,

in.

1.7234
1.7234
1.7234

Open end
diameter,

in.

15.88
16.06
13.06

Nominal
thickness,

in.

0.028
0.064
0.047

To demonstrate the accuracy and versatility of the com-
puter program, several example problems are chosen from the
available literature to be analyzed and compared to the given
solutions. Of these, the ones of most interest are those that
relate most closely to the problem at hand, i.e., the free vibra-
tions of the clamped, pressure loaded shell. Accordingly
three such sample problems are included in this discussion.
The first of these is taken from Timoshenko9 and is the calcu-
lation of the stresses in a clamped spherical cap, loaded ex-
ternally by a uniform pressure. . For the analysis, 35 finite
elements are used, with both the computer and the theoretical
results for the meridional moment resultant and the circum-
ferential stress resultant being shown in Fig. 2.

The second problem chosen for comparison purposes is
taken from Sobel10 and is the calculation of the critical
buckling load for a clamped cylinder, loaded externally by a
uniform pressure. The critical pressure given in the refer-
ence, for a clamped cylinder having a length to radius ratio of
four, is Pcr = (0.0003351) Eh/R occurring at the fifth har-
monic. The solution predicted by the computer program
using 18 finite elements also occurs at n = 5 and is Pcr =
(0.0003359) Eh/R, which is less than one-quarter of 1% dif-
ferent from that given by Sobel.

The final case chosen for comparison purposes is the free
vibrations of a clamped cylindrical shell. For such a cylinder,
having a length to radius ratio of ten and a radius to thickness
ratio of 500, Forsberg11 gives an exact solution, for the fre-
quency ratio wfl[p(l - p2)/^]1'2, of 0.01508, with a corre-
sponding mode shape, normalized on the normal displace-
ment, of u max = ±0.01799 and v max = —0.2507. Using
35 elements, the computed solution, for a clamped cylinder
with the same proportions, is 0.01537 with a corresponding
mode shape of u max = ±0.01807 and v max = — 0.2510 when
normalized on the normal displacement w. The results are,
therefore, less than 2% in error for the frequency and less than
one-half of 1% in error for the mode shape. The convergence
of this finite element solution, as well as the loss of numerical
accuracy when single precision arithmetic is used, is shown in
Fig. 3.

Experimental Investigation

An extensive experimental program was conducted to ac-
cumulate data for use in ascertaining the validity of the com-
puter results. Three different paraboloidal shells were used
in the tests, each having the equation r2 = 6.8936% for its
generator. Each of the test shells was an 1100-0 aluminum
spinning, and the respective radii and thickness are given in
Table 1. During the experiments, the shells were clamped to
a plate and an external pressure was applied by evacuating
the interior of the shells using a vacuum pump. The clamp-
ing and sealing of the shells was accomplished by filling the
circular mounting groove, into which the free edge of the
paraboloid had been fit, with a low-melting point, bismuth
alloy.

The shells were excited by an electromagnet, with the fre-
quencies being monitored with an electronic counter and the
pressures with a mercury manometer. The response of the
shells was measured with a microphone, positioned in the
immediate proximity to the vibrating specimen. By center-
ing the mounted paraboloids beneath a spider-like fixture
which supported the microphone on a rotary arm, the com-
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Fig. 4 Comparison of finite element and experimental re-
sults for the lowest three mode natural frequencies of
paraboloidal test shell number two with a pressure of 4.8

psi applied.

4 6 8 10
HARMONIC NUMBER

14

Fig. 6 Comparison of finite element and experimental re-
sults for the lowest mode natural frequencies of parab-
oloidal test shell number two with different pressures

applied.

plete circumferential mode shape at a single point along the
meridian was measured and recorded at each frequency for
which a resonant rise was detected. These rises in the re-
sponse spectrums, detected by monitoring the microphone
output on an oscilloscope, were determined for the lowest
three vibration modes of each of the test shells.

Results
The essential findings of the analytical and experimental

studies are presented in Figs. 4-8. For the most part, only
the results for the first mode have been given, since those for
the higher modes are generally not in good agreement. The
curves shown in Fig. 4, which represent the first three modes
for test shell number two with a uniform external pressure of
4.8 psi applied over the surface, are an exception to this gen-
eral trend. In addition to exhibiting this unusually good
agreement between the two results, these curves also show
several noteworthy trends which are common to all the results
obtained. The most significant of these is that the shape of
all of the frequency-harmonic curves obtained exhibit the
characteristics predicted by Gol'denveizer12 for shells having
a positive meridional Gaussian curvature. The shape of
these curves, as predicted by this reference and verified in the
current study, is an initially decreasing natural frequency
with an increasing harmonic number until some minimum
value is reached, from which point the frequency increases
monotonically as the harmonic number is further increased.

Figure 4 also shows that the computer results, for which 35
finite elements are used in all the paraboloid calculations, are
for the most part higher than those obtained from the experi-
ments. One of the reasons for this behavior is that the finite
element solutions, which are obtained from an energy deriva-
tion, converge to the correct solution from values greater than
the true value, as is shown in Fig. 3. However, the computed
solutions for the paraboloid geometries included in the present
investigation are all found to be very close to convergence for
the 35 finite elements used, i.e., the solution curves for the
paraboloids exhibit the same rate of convergence as does the
cylinder solution shown in Fig. 3. Therefore, the difference
between the experimental and computer solutions is pri-
marily attributed to the fact that the latter results are based
on a totally clamped boundary condition at the outer edge
which was probably not achieved experimentally. Evidence
of deterioration of the fully clamped boundary condition was
found in both the vibration tests8 and in a series of buckling
experiments13 subsequently performed on truncated parab-
oloidal shells of the same focal length and mounted in the
same manner as those used in this study. In the vibration
tests, the measured natural frequencies were often found to
decrease after the shell had been subjected to successive ex-
ternal pressure loading cycles. A sample of such a decrease
can be seen by comparing the three minimum natural fre-
quencies on the three respective pressure curves in Fig. 5 with
the three frequencies measured at the same pressures applied
to the same shell several loading cycles later and shown in Fig.
8. In the aforementioned buckling experiments,13 there was

10 12
NUMBER

Fig. 5 Comparison of finite element and experimental re-
sults for the lowest mode natural frequencies of parab-
oloidal test shell number one with different pressures

applied.

3000
£ 2900
-2800
^ 2700-
^ 2600
3 2500-
S 2400
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§ 2100
< 2000

1900-
1800,

• COMPUTER
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4 6 8
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Fig. 7 Comparison of finite element and experimental re-
sults for the lowest mode natural frequencies of parab-
oloidal test shell number three with different pressures

applied.
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Fig. 8 Comparison of finite element and experimental re-
sults for the first mode pressure vs natural frequency data

for paraboloidal test shell number one.

observable slippage of the in-plane shell displacements at the
boundary attachment to the bismuth alloy.

Figures 5-7 give the first mode comparisons between the
computed and experimental results for the three test shells.
The minimum natural frequencies measured in the experi-
ments are in every case about 10% lower than their theoreti-
cal counterparts calculated with the same applied pressure
loadings. Good agreement is also gotten for the harmonic
number at which the corresponding minimum frequencies
occur, and in all cases, the natural frequencies are seen to be
reduced by increasing the externally applied pressure loading.
For all three shells, the drop in frequency is approximately
proportional to the corresponding increase in the external
pressure in the load ranges considered, i.e., the natural fre-
quency-external pressure curves, such as that shown in Fig. 8,
are approximately linear in the low-load region. Because the
method chosen for pressurizing the test shells consisted of
evacuating the enclosed volumes and accordingly limited the
external loading to about 14.5 psi, it was not possible to extend
the test results to the buckling region. However, this exer-
cise was performed analytically, with the results being shown
in Fig. 8. Again allowing for a reasonable difference between
the analytical and experimental results, good agreement is
found between the two results. As was shown in previous
research with other shell geometries,1"15 the pressure-fre-
quency curve, which is approximately linear in the low-pres-
sure region, becomes highly nonlinear as the pressure ap-
proaches the critical buckling value, i.e., the natural fre-
quency approaches zero.

Conclusions

In view of the excellent results obtained for the finite ele-
ment stress, buckling and vibrations analyses of shell prob-
lems with known, published solutions, it is clear that the
finite element method can be used to accurately predict the
first mode natural frequencies of a paraboloidal shell sub-
jected to an external pressure loading (providing sufficient
care is exercised not to lose computational accuracy for large

problems). Accounting for apparently explainable differ-
ences between analytical and experimental results, this ac-
curacy has further been demonstrated in the laboratory. Re-
gardless of the magnitude of the pressure loading, the shape
of the natural frequency-harmonic curve continues to con-
form to that which is theoretically predicted for all shells hav-
ing a positive meridional Gaussian curvature. Increasing the
external pressure loading is found to lower the natural fre-
quencies of the shell, in a nearly linear relation at low pres-
sures, but in a highly nonlinear fashion as the pressure ap-
proaches the critical buckling value.

It is not entirely clear why the agreement between the com-
puted and experimental results for modes greater than the
first is so much poorer than that obtained for the first or
lowest mode. While it is possible that one of the reasons for
this is poorer convergence of the analytical solutions for the
higher modes, further investigation of the effects of the bound-
ary conditions (particuarly on these higher modes) is in
order. In any case, it is apparent that the externally applied
pressure loading does materially effect the vibration charac-
teristics of the paraboloidal shells, and should accordingly be
accounted for in any such dynamic analysis.
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